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PHOTON “MASS” AND ATOMIC LEVELS IN A SUPERSTRONG
MAGNETIC FIELD
M. I. VYSOTSKY∗
A.I. Alikhanov Institute of Theoretical and Experimental Physics,
Moscow 117218 Russia
∗E-mail: vysotsky@itep.ru
The structure of atomic levels originating from the lowest Landau level in a superstrong
magnetic field is analyzed. The influence of the screening of the Coulomb potential on
the values of critical nuclear charge is studied.
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It is a great pleasure for me to present this paper to Sergei Gaikovich Matinyan
on his 80th birthday.
1. Introduction
We will discuss the modification of the Coulomb law and atomic spectra in super-
strong magnetic field. The talk is based on papers,1–3 see also.4
2. D = 2 QED
Let us consider two dimensional QED with massive charged fermions. The electric
potential of the external point-like charge equals:
Φ(k) = − 4πg
k2 +Π(k2)
, (1)
where Π(k2) is the one-loop expression for the photon polarization operator:
Π(k2) = 4g2
[
1√
t(1 + t)
ln(
√
1 + t+
√
t)− 1
]
≡ −4g2P (t) , (2)
and t ≡ −k2/4m2, [g] = mass.
In the coordinate representation for k = (0, k‖) we obtain:
Φ(z) = 4πg
∞∫
−∞
eik‖zdk‖/2π
k2‖ + 4g
2P (k2‖/4m
2)
. (3)
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With the help of the interpolating formula
P (t) =
2t
3 + 2t
(4)
the accuracy of which is better than 10% for 0 < t <∞ we obtain:
Φ = 4πg
∞∫
−∞
eik‖zdk‖/2π
k2‖ + 4g
2(k2‖/2m
2)/(3 + k2‖/2m
2)
=
=
4πg
1 + 2g2/3m2
[
−1
2
|z|+ g
2/3m2√
6m2 + 4g2
exp(−
√
6m2 + 4g2|z|)
]
. (5)
In the case of heavy fermions (m ≫ g) the potential is given by the tree level
expression; the corrections are suppressed as g2/m2.
In the case of light fermions (m≪ g):
Φ(z)
∣∣∣∣m≪ g =
{
πe−2g|z| , z ≪ 1g ln
(
g
m
)
−2πg
(
3m2
2g2
)
|z| , z ≫ 1g ln
(
g
m
)
.
(6)
m = 0 corresponds to the Schwinger model; photon gets a mass due to a photon
polarization operator with massless fermions.
3. Electric potential of the point-like charge in D = 4 in
superstrong B
We need an expression for the polarization operator in the external magnetic field
B. It simplifies greatly for B ≫ B0 ≡ m2e/e, where me is the electron mass and we
use Gauss units, e2 = α = 1/137.... The following results were obtained in:2
Φ(k) =
4πe
k2‖ + k
2
⊥ +
2e3B
pi exp
(
− k2⊥2eB
)
P
(
k2
‖
4m2
) , (7)
Φ(z) = 4πe
∫
eik‖zdk‖d2k⊥/(2π)3
k2‖ + k
2
⊥ +
2e3B
pi exp(−k2⊥/(2eB))(k2‖/2m2e)/(3 + k2‖/2m2e)
=
=
e
|z|
[
1− e−
√
6m2
e
|z| + e−
√
(2/pi)e3B+6m2
e
|z|
]
. (8)
For B ≪ 3πm2/e3 the potential is Coulomb up to small corrections:
Φ(z)
∣∣∣∣ e3B ≪ m2e =
e
|z|
[
1 +O
(
e3B
m2e
)]
, (9)
analogously to D = 2 case with substitution e3B → g2.
For B ≫ 3πm2e/e3 we obtain:
Φ(z) =


e
|z|e
(−
√
(2/pi)e3B|z|) , 1√
(2/pi)e3B
ln
(√
e3B
3pim2
e
)
> |z| > 1√
eB
e
|z| (1− e(−
√
6m2
e
|z|)) , 1me > |z| > 1√(2/pi)e3B ln
(√
e3B
3pim2
e
)
e
|z| , |z| > 1me
, (10)
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V (z) = −eΦ(z) . (11)
The close relation of the radiative corrections at B >> B0 in D = 4 to the
radiative corrections in D = 2 QED allows to prove that just like in D = 2 case
higher loops are not essential (see, for example,5).
4. Hydrogen atom in the magnetic field
For B > B0 = m
2
e/e the spectrum of Dirac equation consists of ultrarelativistic
electrons with only one exception: the electrons from the lowest Landau level (LLL,
n = 0, σz = −1) are nonrelativistic. So we will find the spectrum of electrons from
LLL in the screened Coulomb field of the proton.
The wave function of electron from LLL is:
R0m(ρ) =
[
π(2a2H)
1+|m|(|m|!)
]−1/2
ρ|m|e(imϕ−ρ
2/(4a2
H
)) , (12)
where m = 0,−1,−2 is the projection of the electron orbital momentum on the
direction of the magnetic field.
For aH ≡ 1/
√
eB ≪ aB = 1/(mee2) the adiabatic approximation is applicable
and the wave function looks like:
Ψn0m−1 = R0m(ρ)χn(z) , (13)
where χn(z) satisfy the one-dimensional Schro¨dinger equation:[
− 1
2me
d2
dz2
+ Ueff (z)
]
χn(z) = Enχn(z) . (14)
Since screening occurs at very short distances it is not important for odd states, for
which the effective potential is:
Ueff (z) = −e2
∫ |R0m(ρ)|2√
ρ2 + z2
d2ρ , (15)
It equals the Coulomb potential for |z| ≫ aH and is regular at z = 0.
Thus the energies of the odd states are:
Eodd = −mee
4
2n2
+O
(
m2ee
3
B
)
, n = 1, 2, ... , (16)
and for the superstrong magnetic fields B > m2e/e
3 they coincide with the Balmer
series with high accuracy.
For even states the effective potential looks like:
U˜eff (z) = −e2
∫ |R0m(~ρ)|2√
ρ2 + z2
d2ρ
[
1− e−
√
6m2
e
z + e−
√
(2/pi)e3B+6m2
e
z
]
. (17)
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B −> infinity
−1
−.5
−.9
−.4
−.3
−.1
Ry
−108
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−126
Fig. 1. Spectrum of the hydrogen atom in the limit of the infinite magnetic field. Energies are
given in Rydberg units, Ry ≡ 13.6 eV .
Integrating the Schro¨dinger equation with the effective potential from x = 0 till
x = z, where aH ≪ z ≪ aB, and equating the obtained expression for χ′(z) to
the logarithmic derivative of Whittaker function – the solution of the Schro¨dinger
equation with Coulomb potential – we obtain the following equation for the energies
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of even states:
ln

 H
1 +
e6
3π
H

 = λ+ 2 lnλ+ 2ψ(1− 1
λ
)
+ ln 2 + 4γ + ψ(1 + |m|) , (18)
where H ≡ B/(m2ee3), ψ(x) is the logarithmic derivative of the gamma-function
and
E = −(mee4/2)λ2 . (19)
The spectrum of the hydrogen atom in the limit B ≫ m2e/e3 is shown in Fig. 1.
5. Screening versus critical nucleus charge
Hydrogen-like ion becomes critical at Z ≈ 170: the ground level reaches lower con-
tinuum, ε0 = −me, and two e+e− pairs are produced from vacuum. Electrons with
the opposite spins occupy the ground level, while positrons are emitted to infinity.6
According to7 in the strong magnetic field Zcr diminishes: it equals approximately
90 at B = 100B0; at B = 3 · 104B0 it equals approximately 40. Screening of the
Coulomb potential by the magnetic field acts in the opposite direction and with
account of it larger magnetic fields are needed for a nucleus to become critical.
The bispinor which describes an electron on LLL is:
ψe =
(
ϕe
χe
)
,
ϕe =
(
0
g(z) exp (−ρ2/4a2H)
)
, χe =
(
0
if(z) exp (−ρ2/4a2H)
)
. (20)
Dirac equations for functions f(z) and g(z) look like:
gz − (ε+me − V¯ )f = 0 ,
fz + (ε−me − V¯ )g = 0 , (21)
where gz ≡ dg/dz, fz ≡ df/dz. They describe the electron motion in the effective
potential V¯ (z):
V¯ (z) = −Ze
2
a2H
[
1− e−
√
6m2
e
|z| + e−
√
(2/pi)e3B+6m2
e
|z|
]
×
×
∞∫
0
e−ρ
2/2a2
H√
ρ2 + z2
ρdρ . (22)
Intergrating (21) numerically we find the dependence of Zcr on the magnetic field
with the account of screening. The results are shown in Fig. 2. For the given nucleus
to become critical larger magnetic fields are needed and the nuclei with Z < 52 do
not become critical.
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Fig. 2. The values of BZcr: a) without screening according to,
7 dashed (green) line; b) numerical
results with screening, solid (blue) line. The dotted (black) line corresponds to the field at which
aH becomes smaller than the size of the nucleus.
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